We define the socle of a nondegenerate Lie algebra as the sum of all its minimal inner ideals. The socle turns out to be an ideal which is a direct sum of simple ideals, and satisfies the descending chain condition on principal inner ideals. Every classical finite dimensional Lie algebra coincides with its socle, while relevant examples of infinite dimensional Lie algebras with nonzero socle are the simple finitary Lie algebras and the classical Banach Lie algebras of compact operators on an infinite dimensional Hilbert space. This notion of socle for Lie algebras is compatible with the previous ones for associative algebras and Jordan systems. We conclude with a structure theorem for simple nondegenerate Lie algebras containing abelian minimal inner ideals, and as a consequence we obtain that a simple Lie algebra over an algebraically closed field of characteristic 0 is finitary if and only if it is nondegenerate and contains a rank-one element.
Introduction
The initial motivation for this paper has been to study Lie algebras from the point of view of the theory of Jordan algebras with minimum condition [16] , or more generally, Jordan pairs having minimal inner ideals [9, 19] . In fact, this objective had been already proposed by G. Benkart. In her paper about the characterization of the classical Lie algebras [3] , she mentioned: "It is hoped that inner ideals will play a role analogous to Jordan inner ideals in the development of an Artinian theory for Lie algebras."
Another reason for studying Lie algebras with minimal inner ideals is because of their connection with finitary Lie algebras. Infinite dimensional central simple finitary Lie algebras over a field F of characteristic 0 [1] , which can be regarded as a Lie version of the infinite dimensional central simple associative F -algebras satisfying a generalized polynomial identity, are interesting examples of simple nondegenerate Lie algebras containing minimal inner ideals.
The main goals of this paper are to develop a socle theory for nondegenerate Lie algebras and describe simple nondegenerate Lie algebras containing minimal inner ideals.
The paper is organized as follows. After a preliminary section collecting facts on inner ideals and 5-gradings induced by idempotents (a notion which we borrow from Jordan theory and which is closely related to sl(2)-triples), we prove in Section 2 that the socle of a nondegenerate Lie algebra L, defined as the sum of all its minimal inner ideals, is an ideal of L which is a direct sum of simple ideals. We also prove that any two abelian minimal inner ideals of a simple Lie algebra L are conjugate under an elementary automorphism of L, which allows us to associate a division Jordan pair (and hence also a division Jordan algebra, uniquely determined up to isotopy) with any simple nondegenerate Lie algebra containing abelian minimal inner ideals. Nondegenerate finite dimensional, and more generally Artinian Lie algebras, have essential socle, while relevant examples of infinite dimensional Lie algebras coinciding with their socles can be found within the class of finitary Lie algebras.
We see in Section 3 that the notion of socle we have introduced extends a previous one defined by means of the Jordan socles of the Jordan pairs associated with 3-graded ideals, and prove the compatibility of the Lie socle with the Jordan socles of the Jordan pairs defined by short gradings [6] . This allows us to obtain that the socle of a nondegenerate Lie algebra satisfies the descending chain condition on principal inner ideals. The connection between the socle of an associative algebra and the Lie socle of its related Lie algebras is studied in Section 4.
Finally, as a refinement of Zelmanov's theorem for simple Lie algebras with a nontrivial finite Z-grading, we give in Section 5 a structure theorem for simple nondegenerate Lie algebras containing abelian minimal inner ideals. These algebras are finite dimensional of type G 2 , F 4 , E 6 , E 7 or E 8 , or come from associative algebras with nonzero socle. In particular, infinite dimensional finitary central simple Lie algebras over a field of characteristic 0 containing abelian minimal inner ideals are characterized by the property that the division Jordan algebras associated with them are PI. As a consequence we get that a simple Lie algebra over an algebraically closed field of characteristic 0 is finitary if and only it is nondegenerate and contains an inner ideal of dimension one, equivalently, a rank-one element.
Preliminaries

Basic notions
Throughout this paper, and at least otherwise specified, we will be dealing with Lie algebras L [15, 23] (with [x, y] denoting the Lie bracket and ad x the adjoint map determined by x), associative algebras R (with product denoted by juxtaposition, xy), Jordan algebras J (with Jordan product written by x · y), and Jordan pairs V = (V + , V − ) [17] (with Jordan triple product Q x y and linearizations {x, y, z}, for x, z ∈ V σ , y ∈ V −σ , σ = ±) over a ring of scalars Φ in which 2, 3, 5 are invertible. So both the Jordan algebras and Jordan pairs considered here are linear.
Any associative algebra R gives rise to:
(i) a Lie algebra R (−) with Lie bracket [x, y] := xy − yx, for all x, y ∈ R, (ii) a Jordan algebra R (+) with Jordan product x · y := 1 2 (xy + yx), (iii) a Jordan pair V = (R, R) with Jordan quadratic operator Q x y := xyx.
Nondegeneracy and primeness
Let V = (V + , V − ) be a Jordan pair. An element x ∈ V σ , σ = ±, is called an absolute zero divisor if Q x = 0, and V is said to be nondegenerate if it has no nonzero absolute zero divisors, 
1.4.
Ideals of nondegenerate (strongly prime) Jordan pairs inherit nondegeneracy (strong primeness) [17, JP3] , [20] . The same is true for Lie algebras: every ideal of a nondegenerate (strongly prime) Lie algebra is nondegenerate (strongly prime) [27, Lemma 4] , [10, 0.4, 1.5].
Annihilators
Given a subset S of L, the annihilator or centralizer of S in L, Ann L S, consists of the elements x ∈ L such that [x, S] = 0. By the Jacobi identity, Ann L S is a subalgebra of L and an ideal whenever S is so. Clearly,
for any ideal I of L. Moreover, by [6, (2.5) ], the annihilator of a nondegenerate ideal I of L has the following nice expression: A standard example of a Lie algebra with a 3-grading is that given by the TKK-algebra of a Jordan pair:
Gradings
1.8. For any Jordan pair V , there exists a Lie algebra with a 3-grading TKK(V ) = L −1 ⊕ L 0 ⊕ L 1 , the Tits-Kantor-Koecher algebra of V , uniquely determined by the following conditions (cf. [23, 1.5(6)]):
In general, by a TKK-algebra we mean a Lie algebra of the form TKK(V ) for some Jordan pair V .
Inner ideals and Jordan elements
Given a Jordan pair
An abelian inner ideal of L is an inner ideal B which is also an abelian subalgebra, i.e., [B, B] = 0.
Examples of abelian inner ideals can be found in the Lie inner structure of an associative ring [2, 7] . Another source of examples of abelian inner ideals is within the class of Lie algebras with finite Z-gradings: 
Minimal inner ideals
An inner ideal B of L is said to be minimal if B = 0 and for any inner ideal C ⊂ B, either C = 0 or C = B.
1.13.
Let L be a nondegenerate Lie algebra and let B be a minimal inner ideal of L. Then B is either abelian or an ideal of L which is simple as a Lie algebra and has no nontrivial inner ideals [3, 1.12] . Examples of the latter situation are the following: In the following proposition, we record some characterizations and constructions of abelian minimal inner ideals in nondegenerate Lie algebras.
1.14. Lemma. Let L be a nondegenerate Lie algebra. 
(i) A nonzero abelian subalgebra B of L is an abelian minimal inner ideal if and only if
Notice that the last two conditions imply that (e, [e, f ], f ) is a sl(2)-triple.
(ii) The term idempotent was borrowed from the terminology of Jordan pairs (cf. [17, 5.1] ): an idempotent of a Jordan pair V is a pair (e + , e − ) ∈ V + × V − such that Q e + e − = e + and Q e − e + = e − . It is a direct consequence of the grading properties that if 
Suppose in addition that
for all x ∈ L such that [e, x] = 0. From the right-hand side of (4) 3 ), we get that ad h satisfies the polynomial f (λ) = λ(λ − 1)(λ + 1)(λ − 2)(λ + 2), which is separable (its discriminant equals 2 10 × 3 4 so is invertible in Φ) and therefore it yields the five decomposition 
, which produces directly the 5-decomposition.) Then ad h is semisimple with eigenvalues among 0, ±1, ±2. From
Since 4 is invertible in Φ and it is not an eigenvalue of ad h , we have that ad f L −2 = 0; similarly, ad h ad 
Elementary automorphisms
Let L be a Lie algebra with a nontrivial 5-grading, and let a ∈ L be an ad-nilpotent element of index 5. Then, the map
is an automorphism of L (in general, if a is ad-nilpotent of index 5 one needs that 2, 3, 5 and 7 are invertible in Φ to get that exp(ad a ) is an automorphism of L, but when L has a nontrivial 5-grading, the invertibility of 2, 3 and 5 is enough). The subgroup of Aut L generated by these automorphisms is called the group of elementary automorphisms of L and is denoted by Elem L.
Lemma. Let (e, f ) be an idempotent of a nondegenerate Lie algebra L, and set
. Then
f ) is minimal if and only if so is (e + h − f, f ).
Proof. Since L has a nontrivial 5-grading (1.18)(ii), and ad f is nilpotent of index 3, it makes sense to consider the elementary automorphism ξ −f . Apply this automorphism to both e and f . We get ξ −f (f ) = f and ξ −f (e) = e +h−f . This proves that (e +h−f, f ) is an idempotent, that the principal inner ideals ad Notice that L = F e + Ff + F e is a sum of abelian minimal inner ideals. This is by no means a privilege reserved for sl(2, F ). On the contrary, as it will be seen in the next section, any simple nondegenerate Lie algebra containing an abelian minimal inner ideal is the sum of its abelian minimal inner ideals.
The socle of a nondegenerate Lie algebra
In this section we develop a socle theory for nondegenerate Lie algebras based on the notion of minimal inner ideal. The socle turns out to be an ideal which is a direct sum of simple components. Nondegenerate Artinian Lie algebras have essential socle, and relevant examples of infinite dimensional Lie algebras coinciding with their socles can be found within the class of finitary Lie algebras.
Theorem. Let L be a simple nondegenerate Lie algebra containing minimal inner ideals. Then L is the sum of all its minimal inner ideals. In fact, for any minimal inner ideal B of L, L = φ∈Elem L φ(B).
Proof. As an algebra over its centroid [15] , L is central simple (over a field of characteristic 0 or greater than 5). We may also assume that B is abelian (otherwise B = L by (1.13), and there is nothing to prove). In this case, L contains a minimal idempotent (e, f ) such that the induced 5-grading (see (1.18)) The following corollary answers a question posed by Ottmar Loos about the relationship among the minimal inner ideals of a simple nondegenerate Lie algebra (see [18] for a similar question for Jordan systems).
Corollary. Let L be a nondegenerate simple Lie algebra. Then
By nondegeneracy of L, for any 0 = c ∈ C, there exists φ ∈ Elem L such that ad 
We will write DJP(L) to denote the division Jordan pair defined by any minimal idempotent of L, and DJA(L) for the corresponding division Jordan algebra. Since DJP(L) and DJA(L) are uniquely determined by isomorphism and isotopism respectively, these notations make sense.
Definition.
Let L be a nondegenerate Lie algebra. We define the socle of L, denoted by Soc L, as the sum of all minimal inner ideals of L. (ii) By (1.4), I is nondegenerate. Now, since the minimal inner ideals of I are precisely the minimal inner ideals of L contained in I (1.14)(iii), we have that Soc I ⊂ Soc L ∩ I . For the reverse inclusion note that, by (i), Soc L ∩ I = M α , where the M α are the simple ideals of Soc L contained in I , and hence Soc L ∩ I ⊂ Soc I , again by (1.14)(iii).
Theorem. Let L be a nondegenerate Lie algebra containing minimal inner ideals. Then, (i) Soc L is a direct sum of simple ideals each of which is a simple nondegenerate Lie algebra equal to its socle. (ii) For any ideal I of L, I is nondegenerate and Soc
( (2) . Suppose otherwise that ad 
Recall that a Lie algebra L is said to be Artinian (cf. [3] ) if it satisfies the descending chain condition on inner ideals.
Corollary. Let L be a nondegenerate Artinian Lie algebra. Then L has essential socle, and
Soc L is a direct sum of a finite number of simple ideals.
Proof. Since L is Artinian, any nonzero ideal of L contains a minimal inner ideal. Hence Soc L is essential, by (2.5)(v). Suppose now that Soc L contains an infinite number of simple ideals,
. Then we have the strictly descending chain of ideals (2.4) ). For a finite dimensional (or, more generally, Artinian) Lie algebra over a field of characteristic 0, the existence of abelian minimal inner ideals is equivalent to the existence of nonzero ad-nilpotent elements (this is in fact a direct consequence of the Kostrikin's result already cited). In the following examples, we consider the question about the existence of abelian minimal inner ideals in some well-known types of Lie algebras.
Examples. (i)
Let L be a simple Lie algebra which is finite dimensional over an algebraically closed field F . If F is of characteristic 0, then the abelian minimal inner ideals are exactly the root spaces corresponding to long roots relative to some Cartan subalgebra (therefore, they have dimension one). Indeed, if L = H ⊕ ( α∈φ L α ) is the root space decomposition relative to a Cartan subalgebra H , it is easy to see that L α is an abelian minimal inner ideal of L for any long root of α ∈ φ. Now, given such an abelian minimal inner ideal
is a root space (corresponding to a long root).
(ii) Let F be a field of characteristic 0, and let L be a locally finite split simple Lie algebra (recall that L is split if there is a maximal abelian subalgebra H such that the endomorphisms ad h for h ∈ H are simultaneously diagonalizable; and L is locally finite if every finite dimensional subspace of L generates a finite dimensional subalgebra of L). As in case (i), the abelian minimal inner ideals are exactly the root spaces corresponding to long roots of some root system φ (we have to take care because one can have different types of locally finite root systems for the same algebra. Moreover, if the dimension of L is countable, there exists a root base and an attached Dynkin diagram, but isomorphic root systems can have different Dynkin diagrams).
Indeed, take a root decomposition L = H ⊕ ( α∈φ L α ) of L. Let Δ be a generalized base of φ (its elements are linearly independent and φ ⊂ span Z Δ). According to [22] , the root system φ is the directed union of the finite irreducible root subsystems φ M of simple type, where M is any finite subset of Δ and φ M = (span F M) ∩ φ, therefore L is the directed union of the subalgebras L φ M (whose roots systems are φ M ). There are four types of locally finite root systems up to isomorphism for each infinite cardinality, and we can have roots of at most two different lengths (see [22] ), which are called short or long depending on how long they are.
Ifα is a long root of φ,α is a long root of φ M for every finite subset
(iii) Among the real simple finite dimensional Lie algebras, those which contain abelian minimal inner ideals are exactly the noncompact ones (see [11] for definitions and basic properties).
If L has an abelian minimal inner ideal and we take a minimal idempotent (e, f ), and h = [e, f ], L is 5-graded with L i the eigenspace of ad h with eigenvalue i, i = 0, ±1, ±2, hence
Conversely, let L be a noncompact real simple Lie algebra. Let = R + M be a Cartan decomposition of L (K| R is negative definite and K| M is positive definite). Let U M denote a maximal abelian subalgebra of M and U a maximal abelian subalgebra of L containing
Let φ be the root system of L C relative to U C , and let φ M = {α ∈ φ | α(U M ) = 0} be the roots which do not vanish identically on U M . The set φ M is nonempty because L is noncompact (M = 0). Now, for any α ∈ φ M (recall that alsoᾱ ∈ φ M ), it is not difficult to check that h := h α + hᾱ ∈ L (h α ∈ L C , but not necessarily belongs to L) and that h diagonalizes L and all its eigenvalues are integers, hence L is short Z-graded and L n (where n is the greatest eigenvalue) is a proper inner ideal (h ∈ L 0 ).
Notice that the abelian minimal inner ideals can have dimension greater than 1, in contrast to cases (i) or (ii) (for instance, in sl n (H) the minimal inner ideals are four dimensional). In general, L contains an one dimensional inner ideal if and only if (see [4] ) there is a long root α in φ M such that the multiplicity of the restricted root is equal to 1 (this last condition is very easy to check from its corresponding Satake diagram).
Relevant examples of infinite dimensional Lie algebras coinciding with their socles are found within the class of finitary Lie algebras:
2.9.
Recall that a Lie algebra over a field F is said to be finitary if it is isomorphic to a subalgebra of the Lie algebra fgl(X) of all finite rank operators on a vector space X over F .
Proposition. Let L be a finitary central simple Lie algebra over a field F of characteristic 0. Then L is nondegenerate and coincides with its socle.
Proof. If L is finite dimensional, then L is nondegenerate by [3, p. 64] , and clearly contains minimal inner ideals. Suppose that L has infinite dimension. By [1, Theorem 4.4], L is a direct limit of finite dimensional simple Lie algebras L α . Since the L α are nondegenerate, so is the whole L. The existence of (not necessarily abelian) minimal inner ideals in L can be verified by using Baranov's classification of infinite dimensional finitary simple Lie algebras over a field of characteristic 0 [1, Theorem 1.1], and the description of their proper inner ideals given in [7] . 2
Lie socle versus Jordan socle
We see in this section that the notion of socle we have just introduced extends a previous one [6] defined by means of the Jordan socles of the Jordan pairs associated with ideals with 3-gradings. We begin by recalling the notion of socle of a nondegenerate Jordan pair V .
3.1.
Following [19] , the socle of a nondegenerate Jordan pair V is defined as Soc V = (Soc V + , Soc V − ), where Soc V σ is the sum of all the minimal inner ideals of V contained in V σ . Among other properties, Soc V is an ideal which is a direct sum of simple ideals, and it satisfies the descending chain condition on principal inner ideals.
Proposition. Let
L = L −n ⊕· · ·⊕L −1 ⊕ L 0 ⊕ L 1 ⊕· · ·⊕L n be a
nondegenerate Lie algebra with a (2n + 1)-grading, and let V = (L n , L −n ) be its associated Jordan pair. (i) If B is a minimal inner ideal of L and π i denotes the projection onto
Proof. (i) As it was mentioned in (1.7), V is nondegenerate. Moreover, because of the grading, both L n and L −n are inner ideals of L. Let us suppose that π n (B) = 0 and let x ∈ B be such that
] is a nonzero inner ideal of L contained in B so it is equal to B by minimality of B, hence by (1.14) 
Corollary. Let L be a nondegenerate Lie algebra. Then Soc L satisfies the descending chain condition on principal inner ideals. Indeed, a von Neumann regular element e ∈ L belongs to Soc L if and only if L satisfies the descending chain condition for all inner ideals ad
Proof. Let e ∈ L be von Neumann regular. Extend e to an idempotent (e, f ) as in (1.18)(i). If e ∈ Soc L, then V = V (e, f ) is a nondegenerate Jordan pair coinciding with its socle by (3.2)(ii), and hence V satisfies the descending chain condition on principal inner ideals by [19 [5, 4.3] . Moreover, Soc π L can be decomposed as a direct sum of simple ideals,
where
the π(S (i) ) are the simple components of Soc π(L).
In general, the definition of the socle of a nondegenerate Lie algebra with a 3-grading depends on the 3-grading, as can be seen in the example given in [6, 3.3] . Nevertheless, it is independent of the grading of L when this is effective in the sense that there is no nonzero ideal contained in the zero part of L. Motivated by this fact, a notion of socle was introduced in [6] for nondegenerate Lie algebras which do not necessarily have a 3-grading: 
Soc π (I ).
The Jordan socle of a nondegenerate Lie algebra L is an ideal of L. If JSoc L = 0 then it is a direct sum of simple ideals each of which is the TKK-algebra of a simple Jordan pair with minimal inner ideals. Therefore, JSoc L ∼ = TKK(V ), where V is a nondegenerate Jordan pair coinciding with its socle.
The relationship between the socle and the Jordan socle of a nondegenerate Lie algebra is shown in the following proposition.
Proposition. Let L be a nondegenerate Lie algebra. Then the Jordan socle of L is equal to the sum of the simple components of Soc L which have a 3-grading. Hence, if L has an effective
Proof. Let I = I −1 ⊕ I 0 ⊕ I 1 be an ideal of L with a 3-grading, with associated Jordan pair V = (I 1 , I −1 ). By (3.2)(i), Soc 
3.7.
Any classical Banach Lie algebra of compact operators on an infinite dimensional complex Hilbert space H is strongly prime with socle equal to the ideal of those operators having finite rank (see [5, 5.9] and (3.6)).
Relationship between Lie socle and associative socle
In this section we relate the socle of a semiprime associative algebra R, with or without involution, to the socles of the related nondegenerate Lie algebras.
Let R be a (not necessarily unital) associative algebra with associated Lie algebra R (−) . We will also consider the Lie algebras R = [R, R], R = R (−) /Z(R) and R = R /R ∩ Z(R),
where Z(R) stands for the center of R. Note that R can be regarded as an ideal of R. The following result is a refinement of [2, 2.2] or [12, p. 5].
Lemma. If R is semiprime and a ∈ R is such that [a, [a, R]] ⊂ Z(R), then a ∈ Z(R).
Therefore, the Lie algebras R and R are nondegenerate.
Proof. Let us see that [a, [a, R]] = 0, and then apply [12, Sublemma, p. 5], to get that a ∈ Z(R).
Indeed, ad 2 . On the other hand, we have
so ad 2 a x is an element in Z(R) whose square is zero, so that ad 2 a x = 0 by semiprimeness of R. This proves that R is nondegenerate, and also that R is nondegenerate because it is isomorphic to an ideal of R (1.4). 2
4.3.
If R is semiprime, the sum of all minimal right ideals of R is equal to the sum of all its minimal left ideals. This set is an ideal which is called the socle of R and denoted by Soc R. In order to relate Soc R to the socles of the nondegenerate Lie algebras R and R , it is very useful the following characterization of the rank-one elements of R, i.e., those elements generating minimal right (equivalently, left) ideals.
Proposition.
Let R be semiprime, and let 0 = x ∈ R be an element such that x 2 = 0. Then the following conditions are equivalent:
(i) xR is a minimal right ideal of R. (ii) xRx is a minimal inner ideal of the Jordan algebra R (+) . (iii) xRx is an (abelian) minimal inner ideal of R (−) . (iv) xRx is a minimal inner ideal of R. (v) xRx is a minimal inner ideal of R .
Moreover, if y is another nonzero element of R of square zero, then (v) (x, y) is a minimal idempotent of the Jordan pair (R, R) if and only if it is a minimal idempotent of R .
Proof. The equivalence (i) ⇔ (ii) follows from [8, Proposition 2.1]. Let x ∈ R be such that x 2 = 0 and set B = xRx. For any b ∈ B and a ∈ R, we have
hence B is an inner ideal of R (−) , clearly abelian. Moreover, since B = [xR, x], B is also an inner ideal of R . Suppose now that R is semiprime. It follows from (5) 
that B is minimal as a Jordan inner ideal if and only if it is minimal as a Lie inner ideal. Moreover, B ∩ Z(R) = 0 and hence B = B/B ∩ Z(R) ∼ = (B + Z(R))/Z(R)
can be regarded as an inner ideal of R, contained in R . This completes the proof. 2
Theorem. If R is simple and R is not contained in Z(R), then R is a simple nondegenerate Lie algebra. Moreover, R contains an abelian minimal inner ideal if and only if R coincides with its socle and it is not a division algebra.
Proof. R is nondegenerate by (4.2), and simple by [12, 1.12] . Suppose now that R has minimal right ideals and it is not a division algebra, i.e., R has a capacity greater than one. Then R contains a rank-one element x such that x 2 = 0, and hence, by (4.4), R contains an abelian minimal inner ideal. Suppose conversely that R contains an abelian minimal inner ideal, say V = V /R ∩ Z(R), where V is a proper inner ideal (otherwise, V = R would not be abelian, by simplicity of R ). Then V is abelian by [2, 3.13] , and for any v ∈ V , there exists z ∈ Z(R) such that (v − z) 2 = 0 by [2, 3.14] . Since V = 0, V is not contained in Z(R), so there exists a nonzero element a ∈ R (a = v − z) such that a 2 = 0. Put W = aRa. We have as in the proof of (4.4) that W can be regarded as a (nonzero) inner ideal of R . But R coincides with its socle, and hence, by (2.5)(iv), W contains a minimal inner ideal of R , necessarily of the form xRx with x 2 = 0. It follows from (4.4) that R coincides with its socle, and it is not a division algebra. 2 4.6. Let R be a simple associative algebra coinciding with its socle. By [13, 1.2.1], we can regard R as the algebra F Y (X) of the continuous linear operators of finite rank a : X → X relative to a pair of dual vector spaces P = (X, Y, g) over a division algebra Δ, this division algebra Δ being uniquely determined by R. In this way, we can describe R as the special linear algebra (see [6, 5.9] ) of finite rank continuous operators fsl(P)/fsl(P) ∩ Z, where Z stands for the center of the associative algebra F Y (X). Suppose that R is not a division algebra, equivalently, R = fsl(P)/fsl(P) ∩ Z contains abelian minimal inner ideals.
Proposition. Let R = fsl(P)/fsl(P) ∩ Z be as in (4.6). We have (i) DJP(R ) is isomorphic to the division Jordan pair
Proof. (i) Take x 1 , x 2 ∈ X, y 1 , y 2 ∈ Y such that g(x i , y j ) = δ ij (which is possible since R is not a division algebra) and set e = y * 1 x 2 , f = y * 2 x 1 (where y * x is the operator of X defined by y * x(x ) = g(x , y)x for all x ∈ X). It is routine to see that (e, f ) is a minimal idempotent of the Jordan pair (R, R), in fact,
is also a minimal idempotent of R , by (4.4)(v).
(ii) We first observe that there is a natural embedding of Z(Δ) into Γ (R ), and that the mapping γ → (γ , γ ) defines, by restriction, an isomorphism of Γ (R ) into the centroid Γ (V (e, f ) 
Remark.
There exist simple associative algebras R with zero socle such that R coincides with its socle. Indeed, if we consider any simple algebra R without zero divisors which is not a division algebra, Soc R = 0, but R is inner simple by [2, 3.13 and 3.14], so Soc R = R .
Assume now that R has an involution * and denote by K = Skew(R, * ) the Lie algebra of the skew-symmetric elements of R. We also consider the Lie algebras
4.9. Lemma. Let R be a simple algebra endowed with an involution * .
nondegenerate Lie algebra. 
4.10.
Let R be an associative algebra with involution * . An element a ∈ R is called isotropic if a * a = 0. The involution * is isotropic if R contains nonzero isotropic elements.
By the classification of simple associative algebras with nonzero socle and their involutions (see, for example, [13] ), such an algebra R is isomorphic to the algebra F X (X) of all continuous linear operators of finite rank of a left vector space X endowed with a nonsingular Hermitian or skew-Hermitian form h over a division algebra Δ with involution, the involution * being then the adjoint involution with respect to h. Note that (i) a ∈ (F X (X), * ) is isotropic if and only if its image a(X) is a totally isotropic subspace.
(ii) We may assume, without loss of generality, that either h is symmetric (in this case Δ is a field with the identity as involution), or h is skew-Hermitian. In the first case we say that * is orthogonal, and skew-Hermitian in the second case.
4.11. Lemma. Let R be an associative algebra with involution * , and let a be an isotropic element of R. Then aKa * is an abelian inner ideal of K. Moreover, if R is semiprime and a is a rank-one element of R, then aKa * is either zero or an abelian minimal inner ideal of K .
Proof. It is routine to verify that if a is an isotropic element, then aKa * is an abelian inner ideal of K. Assume now that R is semiprime and a is an isotropic rank-one element of R. If b is a nonzero element of aKa * , we have by minimality of aR that given x ∈ aKa * there exists c ∈ R such that x = bc. Since x * = −x, we also have that x = −(bc) * = −c * b * = c * b. Moreover, since the socle of R is a von Neumann regular ideal, there exists y ∈ K such that x = xyx (indeed, there exists y ∈ R such that x = xy x, so consider y = 1 2 (y −y * ) ∈ K, which satisfies x = xyx). Proof. That K is simple and nondegenerate was already commented in (4.9)(iii). Suppose now that R coincides with its socle and has nonzero isotropic elements. As pointed out in (4.10), we may assume that R = F X (X), where X is a left vector space endowed with a nonsingular symmetric or skew-Hermitian form h over a division algebra Δ with involution, and * is the adjoint involution with respect to h. Moreover, X has nonzero isotropic vectors. We deal separately with the two cases: (a) if * is skew-Hermitian, then aKa * = 0 for any rank-one element a ∈ F X (X). Let x be a nonzero isotropic vector of X. Then a = x * x (defined by ay = h(y, x)x for all y ∈ X) belongs to K = Skew(F X (X), * ) and satisfies a 2 = 0. Hence, by (4.11), aKa * is an abelian minimal inner ideal of K ; (b) if * is orthogonal, we have by [7, (3.6) and (3.7)], that K = K = K contains abelian minimal inner ideals.
Suppose, conversely, that L := K contains an abelian minimal inner ideal, i.e., L contains a minimal idempotent (u, v 
−2 ) being a division Jordan pair (1.18) . By [26, 4.5] , the grading of L is induced by a unique grading of R. But the length of the grading in L may be less than the length of the grading in R; for example, if R = F X (X) with orthogonal involution and X contains nonzero isotropic vectors, then L, which is equal to the finitary orthogonal Lie algebra fo(X, h), has a 3-grading (see [5, (5.8) (2) Therefore, R coincides with its socle in both cases. Let us now show that * is isotropic. [2, 4.21 and 4.26] . If the involution * is of the first kind (over its centroid), v 3 = 0 for every v ∈ V [2, 4.23] . Taking a nonzero element v ∈ V , we have that either v or v 2 is a nonzero isotropic element of R. Suppose then that * is of the second kind. We have by [2, 4.26] , that for any
which implies α s = 0 or v = α k . If the latter holds for any v ∈ V , then V ⊂ Z(R), and hence V = 0, which is a contradiction. Thus there exist v ∈ V and α ∈ Z(R) ∩ K such that v − α is a nonzero isotropic element of R. 2
4.13.
Let R be as in (4.12). As already commented, we may assume that R = F X (X), where X is a left vector space endowed with a nonsingular symmetric or skew-Hermitian form h over (Δ, −), a division algebra with involution, and where * is the adjoint involution with respect to h. Moreover, K contains abelian minimal inner ideals if and only if * is isotropic, equivalently, (X, h) has nonzero isotropic vectors. Let us now compute the Jordan division pair DJP(K ) and the centroid of K in each one of the cases: the skew-Hermitian and the orthogonal one.
4.14. Proposition. Let R and K be as in (4.13) . Then: (Δ is a field, say F ) , then DJP(K ) is the division Clifford pair (see [6, 5.7] , for definition) defined by an anisotropic symmetric bilinear form on a vector space over F , and
Proof. (i) Let (x, y) be a hyperbolic pair in X, i.e., h(x, x) = h(y, y) = 0, h(x, y) = 1, and consider the operators e := x * x, f := y * y ∈ K . It is easy to see that (x * x, y * y) is a minimal idempotent of the Jordan pair (K, K), in fact,
via the Jordan pair isomorphism (α, β) → (x * αx, y * βy), for all α, β ∈ Sym(Δ, −). Since e 2 = −e * e = 0 and f 2 = −f * f = 0, it follows from (5) and (4.11) that there is a (e, f ) remaining a minimal idempotent in K . To prove that Γ (K ) = Sym(Z(Δ), −)1 K we follow the path sketched in the proof of (4.6)(ii): observe that there is a natural embedding of Sym(Z(Δ), −) into Γ (K ), and that, for any minimal idempotent (e, f ) of K , the mapping γ → (γ , γ ) defines, by restriction, an isomorphism of Γ (K ) into the centroid Γ (V (e, f )) = Γ (Sym(Δ, −), Sym(Δ, −)), by (i). Finally, apply [21, 3.6] , to get Γ (Sym(Δ, −), Sym(Δ, −)) = {(l α , l α ): α ∈ Sym(Z(Δ))}.
(ii) If h is symmetric (over a field F ), then K = K = K is the so-called finitary orthogonal algebra fo(X, h). Since X contains nonzero isotropic vectors, we can decompose X = H ⊕ H ⊥ , where H = F x ⊕ Fy is the hyperbolic plane defined by a hyperbolic pair (x, y). There are two possibilities:
(1) H ⊥ is anisotropic. In this case, we have by [7, 3.7 
, which can be verified using the identity (cf. [7, (12) 
for all a ∈ fo(X, h). [y, v] ) is a minimal idempotent of fo(X, h), with associated division Jordan pair isomorphic to (F, F ) (equal to the Clifford Jordan pair defined by the one dimensional vector space F with the quadratic form defined by the product). As before, Γ (fo(X, h)) ∼ = F . 2
Simple nondegenerate Lie algebras with minimal inner ideals
In this section, simple nondegenerate Lie algebras containing abelian minimal inner ideals are described, and, among them, those which are finitary central simple over a field of characteristic 0 are characterized by the property that the division Jordan algebra associated with them is PI. Recall that a Jordan algebra J is called a PI-algebra if it satisfies an identity that is not satisfied by all special Jordan algebras. Proof. We begin by checking case by case that any of the Lie algebras listed above is simple, nondegenerate and contains abelian minimal inner ideals: (i) for any of these types of Lie algebras, L is finite dimensional over its centroid C and for the algebraic closure C of C, C ⊗ L is nondegenerate (see, for instance, [24, Theorem 3] ). We are assuming that L contains a nonzero ad-nilpotent element b of index 3, so L contains the nonzero abelian inner ideal B = ad 2 b L. Since B is invariant under the centroid, it contains an (abelian) minimal inner ideal of L, by finite dimensionality of L. Case (ii) follows from (4.5) (notice that [R, R] ⊆ Z(R) because R is not a division algebra), and case (iii) follows from (4.12).
Suppose, conversely, that L is a simple nondegenerate Lie algebra containing an abelian minimal inner ideal, equivalently, a minimal idempotent. Then L has a 5-grading by (1.18)(ii). Hence, by [28, Theorem 1] , L is one of the following: (i) a simple Lie algebra of type G 2 ,
where K = Skew(R, * ) and R is a simple associative algebra, * is an involution of R, and either Z(R) = 0 or the dimension of R over Z(R) is greater than 16. (Actually, the list of simple Lie algebras with finite nontrivial Z-gradings given in [28, Theorem 1] contains two additional algebras: the Tits-Kantor-Koecher algebra of a nondegenerate symmetric bilinear form and D 4 . However, because of we are not interested in describing the gradings, both algebras can be included in case (iii): K = K = K = Skew(R, * ), where R is a simple algebra with orthogonal involution.) Returning to our list, use the same references as in the previous paragraph to get the coincidence of R with its socle in (ii) and (iii), and the fact that * is isotropic in (iii). 2
Baranov's classification of infinite dimensional finitary central simple Lie algebras over a field F of characteristic 0 (see [1, Theorem 1.1]) can be reformulated as follows.
5.2.
Let F be a field of characteristic 0. Then any infinite dimensional finitary central simple Lie algebra over F is isomorphic to one of the following algebras:
(i) a finitary special linear algebra fsl(P), where P is an infinite dimensional pair of dual vector spaces over a finite dimensional division F -algebra Δ. (ii) [Skew(F X (X), * ), Skew(F X (X), * )], where X is an infinite dimensional vector space with a nonsingular (skew-Hermitian or symmetric) form h over a division algebra with involution (Δ, −) which is finite dimensional over F = Sym(Z(Δ), −).
We have seen in ( Proof. It only remains to prove that as soon as DJA(L) is PI, L is finitary over F . Without loss of generality we may assume that L is infinite dimensional over its centroid Γ (L) = F . Then, by (5.1), L is isomorphic to one of the following algebras:
(
, where R is a simple associative algebra coinciding with its socle and which is not a division algebra, and where [R, R] is not contained in Z(R).
where K = Skew(R, * ) and R is a simple associative algebra with isotropic involution * which coincides with its socle, and where either Z(R) = 0 or the dimension of R over Z(R) is greater than 16.
Let L = R be as in (1) . By (4.6), L = fsl(P)/fsl(P) ∩ Z, where P = (X, Y, g) is a pair of dual vector spaces over a central division F -algebra Δ, and DJA(R ) is the Jordan algebra Δ (+) . Since Δ (+) is PI by hypothesis, Δ is a PI associative algebra and hence Δ is finite dimensional over its center F by Kaplansky's theorem. Then the pair P is necessarily infinite dimensional over Δ (because L is infinite dimensional over F ), and hence fsl(P) ∩ Z = 0. So L is the special finitary linear algebra fsl(P).
Suppose now that L = K as in (2) (R = F X (X), where X is a left vector space endowed with a nonsingular isotropic symmetric or skew-Hermitian form h over a division algebra with involution (Δ, −), and where * is the adjoint involution with respect to h). If h is skew-Hermitian, DJA(L) ∼ = Sym(Δ, −) and Γ (L) = Sym(Z(Δ), −)1 L by (4.13)(i). Since Sym(Δ, −) is PI, Δ is also PI by Amitsur's theorem [13, 6.5.1] , and hence Δ is finite dimensional over F by Kaplansky's theorem. Then X is infinite dimensional over Δ and L is the finitary Lie algebra [Skew(F X (X), * ), Skew(F X (X), * )]. If h is symmetric, then K = K = K and L is the finitary orthogonal algebra fo(X, h). 2
Let L be a Lie algebra over a field F . Then 0 = a ∈ L is said to be a rank-one element if ad 2 a L = F a. Rank-one elements determine one dimensional inner ideals.
Lemma. Let L be a simple Lie algebra over a field F . If L contains a rank-one element, then L is central.
Proof. Since L is simple, every nonzero map γ ∈ Γ (L) is one-to-one. Let γ ∈ Γ (L) and take a rank-one element a ∈ L. Then ad 2 a L = F a implies that γ (a) = αa for some α ∈ F . Hence γ (x) = αx for all x ∈ L, because 0 = a ∈ ker(γ − l α ), with γ − l α ∈ Γ (L). 2
The following corollary answers in affirmative a question posed in [6] . 
Corollary. Let
